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Design of Planar Parallel Robots
With Preloaded Flexures for
Guaranteed Backlash Prevention
The precision of parallel robots is limited by backlash in their joints. This paper inves-
tigates algorithms for designing inexpensive planar parallel robots with prescribed
backlash-free workspace. The method of closing the backlash of the actuators uses pre-
loaded flexible joints to replace the passive joints. These flexible joints may be made
using standard joints with preloaded springs or by using preloaded flexure joints. Given
a norm-bounded wrench acting on the robot, an algorithm is presented for determining
the required preload for the flexible joints in order to guarantee backlash-free operation
along a path or within a prescribed workspace. An investigation of the effects of the
preloaded flexible joints on the stiffness is carried out using performance measures com-
paring the same robot with or without preloaded joints. These performance measures use
an extended stiffness definition based on three noncollinear vertices on the moving plat-
form. This paper presents simulations of the statics, stiffness, and backlash prevention
algorithm, followed by experimental validations. �DOI: 10.1115/1.4000522�
Introduction
Parallel robots were initially proposed for spray painting of cars

y Pollard �1� in 1942, and the first six-degrees-of-freedom
6DOF� prototype of the Stewart–Gough platform was used as a
ight simulator �2�. As the end effector �EE� is simultaneously
upported by multiple mechanical legs, parallel robots are well-
nown for their advantages of providing higher rigidity, higher
tiffness, being more compact in structure, and having more pay-
oad capacity. One direction of recent developments for parallel
obot design is high-precision manufacturing and manipulation,
here precision in the order of microns is required from the robot.
or this purpose, traditional linear actuators and mechanical joints
re not sufficient in providing the necessary accuracy, and joint
learances may cause assembly mode changes �3�. One way to
mprove precision of linear actuators is to use ball screw slides,
hich have zero-backlash. However, the use of ball screws in-

reases the costs tremendously. Another alternative to obtain high
recision from motors is to use a piezoelectric actuator, as in Refs.
4–6�. But piezo actuators have very limited range of motion and
re even more costly than ball screws.

In order to improve the accuracy of mechanical joints, people
ave developed monolithic flexure joints �7–10�. The use of flex-
res eliminates all mechanical joints and can therefore provide
igher precision �11,12�. For this reason there has been a large
ody of works on the design of parallel mechanisms using flexure
oints �13–19�. However, the limited motion ranges of flexures
imit these parallel robots to applications, where small workspace
s necessary but high precision is required �18�. Efforts have been

ade to overcome this limitation by using pseudo-elastic materi-
ls �20�, distributed elasticity �21,22�, and shape optimization for
educed stress concentration �23�.

Previous works focused on the use of actuation redundancy
24,25� for stiffness modulation and backlash prevention. Re-
ently, Muller �26� proposed a control method that used actuation
edundancy resolution while considering dynamic effects for the
urpose of backlash prevention along a specified path. This pro-
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posed approach requires solving a quadratic optimization prob-
lem, which does not lend itself to fast online computation. Rather
than using additional actuators �actuation redundancy� or using
offline quadratic optimization methods for backlash prevention,
we take a simpler approach by investigating the use of preloaded
passive joints in order to prevent the backlash throughout a de-
sired workspace while given a norm-bounded wrench. The advan-
tages of this approach include the simplified design that does not
require expensive zero-backlash actuators or actuation redun-
dancy. Also this approach is suitable for miniature parallel robots
that use flexures. The determination of preloads results in the ro-
bot geometry necessary for backlash prevention.

This paper uses the planar parallel robot �Fig. 1� as a case study
to present the backlash prevention algorithm. Upon determining
the required preloads to avoid backlash throughout the workspace,
stiffness properties of this robot are also presented. Stiffness
analysis of robots has been extensively explored �27–33�. As the
moving platform is supported by multiple legs, the stiffness of
parallel robots is much higher than serial robots. The stiffness
matrix is usually derived as a function of the robot Jacobian and
stiffness constants of all joints. This paper establishes the com-
plete stiffness model for the proposed parallel robot by taking into
account the stiffness of the torsional springs. Moreover, as coun-
terparts of kinematic performance indices, e.g., condition number,
kinematic conditioning index �KCI�, manipulability �34–37�, and
so on, stiffness performance indices are proposed to quantitatively
evaluate the robot’s stiffness properties while taking into account
the preload effects of the flexure joints. These proposed indices
are utilized to compare the stiffness of the proposed robot to a
regular parallel robot without preloads.

The contribution of this paper is in presenting an algorithm for
backlash prevention along a specified path and within a desired
workspace. This problem is solved for any random norm-bounded
wrench acting on the moving platform. The results of this algo-
rithm provide the required preloads of the flexure joints in order to
ensure backlash-free operation within the desired workspace.
These preload values can be used to design the geometry govern-
ing the connection between the flexure joints and the moving plat-
form at the home configuration of the robot.

In addition, the paper presents an investigation on the stiffness
effects of adding preloads to the robot and defines novel stiffness

performance indices that build on using the vertex velocities of
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hree distinct points on the moving platform. The results of our
roposed backlash prevention algorithm are simulated and vali-
ated experimentally.

In this paper, Sec. 2 presents the problem statement, Sec. 3
resents statics and singularity analysis, Sec. 4 proposes the algo-
ithm to determine the torsional spring preload requirements, Sec.

presents the stiffness modeling and introduces stiffness perfor-
ance indices based on the vertex linear velocity transformation,
ecs. 6 and 7 present the simulation and experimental results,
espectively, followed by Sec. 8, which concludes and summa-
izes the proposed work.

Problem Statement
As shown in Fig. 1, this PRR planar parallel robot has an equi-

ateral triangular base with linear actuators on the base frame.
hree linear sliders move along the frame sides with the positive
irection, as defined in Fig. 1. Revolute joints are used to connect
he sliders and the legs, as well as the legs and the moving plat-
orm. The moving platform is of an equilateral triangular shape,
hose geometric center is taken as the EE point of the robot.
Three torsional springs are added to the revolute joints between

he moving platform and the legs to provide internal preloads.
hese springs are assembled coaxially with the revolute joints in
rder to close the backlash in the linear actuators. This preloading
pproach provides an inexpensive way of demonstrating the same
rinciple of closing the backlash in the linear actuators by adding
reloaded flexure joints.

Three main problems are treated in this paper, as detailed in
ecs. 3–5. An overview of the problems is as follows:
P1: Statics is investigated while the robot is assembled with the

orsional springs �flexures�. Statics ellipsoids are expanded to ex-
lore how adding torsional springs affects the robot’s statics.

P2: An algorithm is proposed to mathematically determine the
reload requirements from the flexure joints, such that the robot is
ree of backlash along a specific path and within a desired work-
pace under norm-bounded applied wrench. In Refs. �26,38�, for a
ree actuator, the condition for backlash-free control was given as
he magnitude of each control force remaining above a certain
evel and its sign remaining constant. For the preloaded robot, as
hown in Fig. 1, since the slider nut is always preloaded to one
ide, a different condition is proposed in this paper. Let �P denote
he actuation force and ��0 denote the threshold value, then the
acklash-free condition for a linear actuator is �P�−�, as illus-

Pull mode Push mode

With
backlash Backlash free

0 P

q1

q2

q3
1

2

3

1

B1

2
B2

B3

3

M2M1

M3

x�

y�

P

Torsional spring
(Flexure)

Fig. 1 A 3DOF planar parallel robot with preloaded flexures
Fig. 2 Explanation of backlash-free condition
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trated in Fig. 2. The physical meaning of this condition is that due
to mechanical constraints such as friction and assembly, even if
the actuation force changes its direction, the system is still
backlash-free as long as this condition is satisfied.

Mathematically, the backlash-free condition and the norm-
bounded constraint are formulated as Eqs. �1� and �2�. In Eq. �2�,
we denotes the wrench applied by the EE to the environment and
m denotes its maximal norm

�Pi + � � 0 �1�

we
Twe − m � 0 where we � R3�1 �2�

P3: Stiffness modeling is treated mathematically and explicit
stiffness matrix is derived. Novel stiffness performance indices
are proposed to quantitatively evaluate the robot’s stiffness im-
provement over regular planar parallel robots.

Note that the robot’s EE might have a pose change due to the
assembly of preloaded springs/flexures. Therefore, the robot
should be calibrated after assembly of these preloaded joints. The
robot will have definite poses as long as backlash onset is pre-
vented throughout its operation workspace.

3 Statics and Singularity Analysis
For the conventional parallel robot without flexures, as shown

in Fig. 1, its Jacobian J relates the joint speeds q̇ and output twist
t 2, as shown in Eq. �3� �39�. The Jacobian can also be derived
through statics analysis �Eq. �4�� �40,41�, where � represents the
actuation forces and we is the applied wrench

Bq̇ = At, q̇ = Jt where J = B−1A �3�

B−T� = A−Twe, � = J−Twe where J = B−1A �4�

The schematic of the robot is shown in Fig. 3. Conditions of the
static equilibrium on the moving platform are expressed in Eq. �5�

�5�

where l̂i denotes the unit vectors along the robot legs, �l̂i�2 denotes

the first two components of l̂i, PM� i denotes the position vector
from the center of the moving platform P to the revolute joints
Mi, f i is the force magnitude along the ith leg, fe is the 2D force
vector, and me is a moment applied by the EE to the environment
about ẑ. The static equilibrium for each individual leg results in
the serial Jacobian matrix as

2Throughout this paper, a twist is defined as a three- or six-dimensional column

x�

y�

1�u

2�u

3�u

1
�l

2
�l

3
�l

M3

M1

M2

P

S1 S2

S3

Fig. 3 Kinematic relationship of the planar parallel robot
vector with linear velocity preceding the angular velocity.
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here �Pi is the force applied to the robot by the linear actuator
long unit vector ûi. Then the system Jacobian is obtained by
sing Eq. �4�. Note that the Jacobian derived from statics can be
sed as the kinematic Jacobian only when there is no power loss
n the robot.

According to the principle of virtual work, the amount of work
one by the external wrench is equal to the work done by the
ctuators plus the elastic energy stored in the system. Hence Eq.

7� follows

n Eqs. �3� and �4�, does not hold any more because part of the

ournal of Mechanisms and Robotics
we
T�x = �P

T�qP + �S
T�� �7�

where x is the position and orientation vector of the EE, �x rep-
resents the variation in x, �qP represents the changes in joint
positions, and �� measures the changes in the flexures �spring-
loaded joints�. From the geometry of the robot, for the ith leg, Eq.
�8� follows

si = p + PM� i + MiSi
� �8�

Taking the variations of Eq. �8� and expressing �� in terms of
�qP yields

�9�

where
J�q1 = �
− l sin��1 + �� 0 0

0 − l sin��2 +
2	

3
+ �� 0

0 0 − l sin��3 +
4	

3
+ �� � �10�
J�q2 = �cos�
1� 0 0

0 cos�
2� 0

0 0 cos�
3�
� �11�

J�q3 = �
1 0 − 	r sin�� +

5	

6
� + l sin��1 + ��


1 0 − 	r sin�� +
9	

6
� + l sin��2 +

2	

3
+ ��


1 0 − 	r sin�� +
	

6
� + l sin��3 +

4	

3
+ ��
 �

�12�

n Eqs. �10� and �12�, � denotes the orientation of the moving
latform in the world coordinate system, l denotes the length of
egs, and r denotes the radius of the moving platform.

Substituting Eq. �9� in Eq. �7� and applying the Jacobian results
n

we
T�x = �P

TJ�x + �S
TJ�qJ�x �13�

anceling �x from both sides of Eq. �13� and taking transpose of
he results yields

we = JT�P + JTJ�q
T �S = JT��P + J�q

T �S� �14�

ecall that Eq. �15� gives the statics relation of a parallel robot
hile having no internal preloaded flexures

we = JT�P �15�

quation �14� differs from Eq. �15� by the term JTJ�q
T �S. At a

iven configuration, the kinematics of the robot is easy to solve;
ence, Jacobian J�q is known. From the geometry of the spring
oints, the torsions �S are easy to solve via linear relationship for
nown spring constants. Therefore, the statics of preloaded paral-
el robots follows the same solution procedure as for a traditional
arallel robot. However, for the case of preloaded parallel robots,
he duality of robot Jacobian J between kinematics and statics, as
work done by the actuators is stored as the elastic energy in the
springs.

Singularity is an attribute associated with a robot once its struc-
ture is determined. Although the addition of torsional springs does
not change the robot’s kinematic structure, it does change the
statics, as observed in Eq. �14�. Therefore, it is expected that the
torsional springs can be utilized to avoid singularity or increase
the nonsingular workspace of the robot from a statics viewpoint.

For a traditional parallel robot without the torsional springs, the
actuation force ellipsoid is expressed as

we
Twe = �P

TJJT�P = 1 �16�
For a parallel robot with the torsional spring, based on Eq. �14�,
the actuation force ellipsoid is expressed as

we
Twe = ��P

T + �S
TJ�q�JJT��P + J�q

T �S� = 1 �17�
Expanding Eq. �17� yields

we
Twe = �P

TJJT�P + �S
TJ�qJJTJ�q

T �S + 2�P
TJJTJ�q

T �S �18�
where the intermediate terms of the expansion are combined since
the transpose of a scalar is equal to itself. Defining a=JT�P and

b=JTJ�q
T �S, Eq. �18� becomes we

Twe=aTa+bTb+2aTb, where the
term 2aTb corresponds to 2�P

TJJTJ�q
T �S. Since we

Twe�0, the term
2aTb cannot be dominant compared with the first two positive
semidefinite terms aTa+bTb. In addition, Eq. �18� has one design
vector �S that controls the terms bTb and 2aTb in Eq. �18�. There-
fore, we choose to investigate and plot the individual force ellip-
soids stemming from the terms aTa and bTb in the numerical
simulation of Sec. 6.1.

4 Preloads Determination for Backlash Avoidance
This section focuses on proposing the algorithm to determine

the preload requirements of the flexures for a specific path and
within a desired workspace while the robot is under a norm-
bounded applied wrench.

4.1 Path-Dependent Preload Determination. In this subsec-
tion, a path is prespecified for the EE to trace. The preload re-

quirements are determined such that the robot is backlash-free

FEBRUARY 2010, Vol. 2 / 011012-3
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hile tracing this path. The proposed algorithm is applicable to
ny specified path, and is easy to implement for a given task. The
lgorithm is still based on the 3DOF parallel robot with flexures,
s shown in Fig. 1.

Assume all forces are defined as applied on the robot. The
rinciple of virtual work �Eq. �7�� becomes Eq. �19�, where we�
enotes the wrench applied by the environment to the robot

we�
T�x + �P

T�qP + �S
T�� = 0 �19�

ubstituting in the Jacobian relationships and canceling �x from
oth sides yields

we� + JT�P + JTJ�q
T �S = 0 �20�

ith the assumption that the flexure joints are linear torsional
prings, the relationship of Eq. �21� follows

�21�

n Eq. �21�, ��i is defined as the joint angle measured from its
eutral configuration. KS��i physically denotes the torsion gener-
ted by the flexure at the current configuration. The value of ��i is
o be solved in order to determine the preload condition. Substi-
uting Eq. �21� in Eq. �20� and solving for �� gives

�22�

he minimum preload requirements are to be solved to close the
acklash. Therefore, a scalar cost function F= is defined as Eq.
23�, which physically represents the elastic energy stored in the
obot

�23�

unction F is subject to four constraints as introduced in Eqs. �1�
nd �2�. Using matrix notations to introduce vector � into the
onstraints, Eqs. �1� and �2� are rewritten as

1

2
�Ai� + Ai��T�Ai� + Ai�� � 0 �24�

1

2
��B��T�B�� − m� � 0 �25�

here Ai=diag�ij�6�6 �i=1, . . . ,3� for each i , j=1. . .6, and

i
TAi=Ai. B=� 03�3 03�3

03�3 I3
� and BTB=B. �= �� � � 0 0 0�T. Then

he minimization problem is formulated as a Lagrange problem
ith inequality constraints, also known as Karush–Kuhn–Tucker

KKT� conditions �42�. All inequality conditions are incorporated
nto the Lagrangian as equalities by adding the slack variable si,
nd thus the Lagrangian is obtained by using four multipliers as in
q. �26�.

L =
1

2��TQF� + �
i=1

3

�i��Ai� + Ai��T�Ai� + Ai�� − si
2�

+ �4��B��T�B�� − m + s4
2� �26�
xpanding the Lagrangian yields

11012-4 / Vol. 2, FEBRUARY 2010
L =
1

2	�TQF� + �4��TB� − m + s4
2� + �

i=1

3

��i�
TAi� + �i�

TAi�

+ �i�
TAi� + �i�

TAi� − �isi
2�
 �27�

Finding the partial derivatives of L with respect to �, �i and si
results in

�L

��
= QF� + �

i=1

3

��iAi� + �iAi�� + �4B� = 0 �28�

�L

��i
= gi��� − si

2 = 0 �29�

�L

�si
= �isi = 0 �30�

where g��� denotes the vector of constraint equations, as in Eqs.
�24� and �25�. This system has 14 equations and 14 unknowns.
The minimization problem is solved by assuming all si’s are equal
to zero. Note that under this assumption, the resulting minimal
value of the cost function F is not necessarily the global mini-
mum, but rather a local minimum. However, as long as there is a
solution, it can be used to solve for �� from Eq. �22�. The result-
ing preload requirements, although may not be the smallest pos-
sible values, are guaranteed to satisfy backlash-free conditions by
virtue of the KKT theorem.

By using the Lagrangian approach, the entire specified path is
scanned such that the minimum torsional preloads for all configu-
rations are determined. Hence, three vectors of ��i are obtained,
each corresponding to all minimal preload requirements of one
joint along the path. During the path scan, the geometric range of
joint variation is also obtained. Then the following algorithm is
applied to solve for initial preloads:

• Vectors ��i are solved from Eq. �22� and max���i� is ob-
tained for each leg.

• KS max���i� is specified to be the preload of flexure joint i
when the joint has minimum actual torsion. In other words,
within the range of the flexure joint motion, the orientation
that has the smallest actual flexural torsion is specified to
have the maximum preload value solved from the Lagrang-
ian problem for the specified path.

• All flexure joints are preloaded from the starting configura-
tion. The determination of how much to preload is calcu-
lated via Eq. �31�. Note that �i

1 means the starting joint
angle along the path and �i

max denotes the maximum angle
of rotation.

• Finally, the governing geometry between the flexure joints
and the moving platform is determined for the robot

KS��i_preload = KS max���i� + KS��i
max − �i

1� �31�

While the leg moves in the range of motion for the given task,
the actual torque of the flexure will be guaranteed to be greater
than or equal to the value solved from the Lagrangian problem for
each configuration. Therefore, the backlash-free conditions will
always be satisfied. Numerical simulations and experiments will
be presented to verify the algorithm in Secs. 6 and 7.

4.2 General Preload Determination Within the
Workspace. In Sec. 4.1, the problem of preload determination
was treated along a specified path. A further problem to be solved
is to find global preloads suitable for the robot to avoid backlash
throughout the desired workspace.

Assume the orientation of the EE is fixed, meaning that the EE

only translates in the workspace without rotation. From the center
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oint of the triangle frame, the workspace is divided into a series
f concentric circular bands, with very thin width. Each band can
e considered as a specified path for the robot to trace, as in Sec.
.1. Notice that the forces to close backlash of the linear actuators
re provided by the flexure joints. The closer a leg is to the base
rame, the more preload is required from the flexure to close the
acklash. Hence, while tracing different sliced circle bands of the
orkspace, the largest one will provide larger preload require-
ents compared with inner circles. It means that with the preloads

etermined from the largest circle, the robot will have no backlash
ithin the area. Therefore, a circle, or more generally, a geometric
ath can be found, which encompasses the specific workspace of
nterest. After determining the preload requirements along this
ath, the system is ensured to close the backlash throughout the
esired workspace.

Stiffness Analysis

5.1 Stiffness Modeling. Stiffness modeling for robots with
exible components have been investigated in �31–33�. To model

he stiffness of the robot, the basic relationship is

K =
�we

�x
�32�

ubstituting Eq. �14� into Eq. �32� yields

Kflex =
��JT��P + J�q

T �S��
�x

�33�

he second-order kinematic derivatives of Eq. �33� can be ne-
lected for robots with nonbackdrivable active joints �43�. There-
ore, Eq. �33� simplifies to

Kflex = JT� ��P

�x
+ J�q

T ��S

�x
� �34�

he partial derivatives in Eq. �34� are expressed as

��P

�x
=

��P

�q

�q

�x
= KPJ �35�

��S

�x
=

��S

��

��

�q

�q

�x
= KSJ�qJ �36�

ubstituting Eqs. �35� and �36� into Eq. �34� yields the expression
f the stiffness matrix

Kflex = JTKPJ + JTJ�q
T KSJ�qJ �37�

5.2 Stiffness Performance Indices. To quantify the effects of
he flexure joints on the robot stiffness characteristics, we use
everal performance measures based on the stiffness, as defined in
q. �37�.
Well-accepted kinematic performance indices include manipu-

ability ellipsoids, manipulability polytopes, isotropy measures,
inematic conditioning, and dexterity �34–37,44–50�. In evaluat-
ng KCI or manipulability, due to inhomogeneity of dimensions
ssociated with linear and angular speeds, the characteristic length
34� was introduced to obtain a dimensionless Jacobian. A kine-
atic performance index provides designers a scalar measure of

he robot’s performance, and therefore, guides the dimensional
ynthesis. In this subsection, stiffness performance indices are
roposed as counterparts for kinematic performance measures.
hese indices are used to evaluate the stiffness effects of adding

he flexures to the robot.
Before presenting the specific stiffness performance indices, the

roblem of inhomogeneous physical units associated with kine-
atics and stiffness is revisited. Equations �38� and �39� recall the

acobian and stiffness relationships for the proposed 3DOF paral-

el robot, with all units explicitly written.
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�q = J�x where �m

m

m
� = �1 1 m

1 1 m

1 1 m
��m

m

1
� �38�

�we = K�x where � N

N

N m
� = �N/m N/m N

N/m N/m N

N N N m
��m

m

1
�

�39�

It is clear that the components of the Jacobian bear two different
units, while the components of the stiffness matrix bear three dif-
ferent units. The reason for this unit inhomogeneity is the differ-
ence in units of linear and angular velocities, and the difference in
units between forces and moments.

To accommodate this inhomogeneity, the technique of vertex
velocity transformation is used �34�. The basic idea is to use the
linear velocities of three noncollinear points on the moving plat-
form to represent the EE twist, and therefore eliminate the inho-
mogeneity of units in the twist. The detailed derivation is omitted
in this paper, and some intermediate steps, which were not explic-
itly shown in Ref. �34�, are given here.

Let �mi denote the linear velocity variation in the connection
point between the moving platform and the ith leg. The final trans-
formation is derived as

��x�6 = �1

3
�I3�3 I3�3 I3�3 �

D−1C3�9
���m1

�m2

�m3
� �40�

where ��x�6 denotes the 6D twist vector. For an equilateral mov-
ing platform, the matrix C is given as

C3�9 =
1

6� 0 1 − 1 0 1 2 0 − 2 − 1

− 1 0 − 2 − 1 0 1 2 0 1

1 2 0 − 2 − 1 0 1 − 1 0
�

D �
1

2
�trace�P�I3�3 − P� and P � �m1 − p m2 − p m3 − p �

For the planar robot case, the 6D twist is transformed to 3D as

�x = �1 0 0 0 0 0

0 1 0 0 0 0

0 0 0 0 0 1
���x�6 �41�

After substituting Eqs. �40� and �41� in Eq. �37�, an expression for

the homogeneous stiffness matrix K̃ is obtained such that

�we = K̃�m �42�
The stiffness performance indices defined in Table 1 quantify

the percentage improvement in the robot stiffness performance as
a result of adding the flexure joints.

The indices in Table 1 follow the definitions of kinematic per-
formance metrics, but use the stiffness matrix instead of using the
kinematics Jacobian. Index 1 quantifies the improvement in the
Frobenius norm of the stiffness matrix. Index 2 extends the defi-
nition of the kinematic manipulability. This index is directly re-
lated to index 3, which measures the increase in the volume of the
stiffness ellipsoid. Both indices 2 and 3 take into account the
minimal singular value of the stiffness matrix. Index 4 measures
the isotropy of the stiffness ellipsoid. We note that by using the
twist transformation �x→�m, the need for using a characteristic
length is mitigated while evaluating the translational stiffness per-

formance and the rotational stiffness performance.

FEBRUARY 2010, Vol. 2 / 011012-5
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Simulations

6.1 Statics and Singularity. Equations �14� and �15� show
he difference in the robot statics as a result of adding flexure
oints. In this subsection, we investigate the statics of the robot as
t traverses a path approaching a singularity, as shown in Fig. 4. In
he simulation, we assume the triangular base radius is 200 mm
nd the moving platform radius is 30 mm. The length of the robot
eg is 90 mm. A path starting from �20 mm, 0, 0�T and ending
t �−5 mm, 0, 0�T is designed for the robot to trace such that as
he robot moves along the path, it is getting closer to the singular
onfiguration.

The following plot �Fig. 5�a�� shows all statics ellipses along
he path. Note that the inner ones represent the ellipses associated
ith �P

TJJT�P and the outer ones represent the additional ellipses
enerated by �S

TJ�qJJTJ�q
T �S in Eq. �18�.

It is seen that as the robot gets closer to the singular configu-
ation both ellipses tend to be singular. However, the directions of
he major and minor axes of both ellipses do not coincide �Fig.
�c��. This disagreement can be utilized such that the robot, while
n the neighborhood of a singularity, can withstand applied
rench from any arbitrary direction. In this sense, the static con-
itioning of the robot in the neighborhood of a singularity can be
mproved, as shown in Fig. 6.

Figure 6�a� shows that the manipulability ratio between JTJ�q
T

nd JT is in the order of 103. Moreover, as the robot gets closer to
he singular configuration, the ratio increases faster than at the
eginning. This is because the ellipse of matrix JT degenerates to
line faster than the ellipse of matrix JTJ�q

T . In Fig. 6�b�, it is seen

Table 1 Stiffness performance indices

ndex 1 SPI1 =
�K̃withK̃with

T �

�K̃withoutK̃without
T �

− 1

ndex 2 SPI2 =
�det�K̃withK̃with

T �

�det�K̃withoutK̃without
T �

− 1

ndex 3 SPI3 =
VE�K̃with�

VE�K̃without�
− 1

ndex 4 SPI4 =
�min�K̃with�

�max�K̃with�
·
�max�K̃without�

�min�K̃without�
− 1

Moving direction

Config AConfig B

ig. 4 Designed path from configuration A to configuration B

here configuration B approaches singularity
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that the ellipse of matrix JTJ�q
T is always more isotropic than that

of matrix JT. Even in the neighborhood of the singularity, the
matrix JTJ�q

T becomes singular slower than JT.

6.2 Preload Determination

6.2.1 Path-Based Preload Determination. Based on the dis-
cussion in Sec. 4, the preload determination for a specific path and
for a desired workspace is simulated in this subsection. The simu-
lation assumptions are as follows:

1. The base radius is 100 mm. The moving platform radius is
30 mm. The leg length is 50 mm.

2. A circular path of 10 mm radius is traced. This circle is
centered at the geometric center of the base triangle. The
starting point of the path has coordinates of
�10 mm, 0, 0�T, and the path goes in the counterclockwise
direction.

3. The applied wrench is assumed to be
�1 N, 1 N, 1 N m�T, meaning the threshold boundary
value m is 3, as in Eq. �2�.

4. The backlash-free condition is that ��−1, where �=1.
5. The torsional spring constant is assumed to be 1 N m/rad.

By applying the proposed algorithm, the preloads are solved as
�see Table 2�:

With these preloads, all points along this path are verified to

Moving direction

(A)

(B) (C)

Config AConfig B

Fig. 5 Statics ellipses along the path of Fig. 4
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atisfy the zero-backlash condition. The minimum actuation
orces are 15.65 N, 13.88 N, and 14.83 N, respectively. Note that
he solid line denotes actuator 1, the dotted line denotes actuator
, and the dashed line denotes actuator 3 �Fig. 7�.

Since in the Lagrange equation the minimization problem was
ubject to an inequality condition as in Eq. �2�, it is expected that
or any wrench with norm smaller or equal to the specified value,
he algorithm still holds. This is verified that under a newly ap-
lied wrench of �0 N, 0 N, 1.73 N m�T, the actuation forces
till satisfy the backlash-free condition, as shown in Fig. 8�a�.
ote that with the wrench norm being 1.73 this new wrench maxi-
ally balances the preload effects on the actuators and hence

equires the smallest actuation forces.
The proposed algorithm is conservative and results in a robot

hat can close the backlash even if �we� is greater than the speci-
ed norm. Figure 8�b� shows the robot’s margin of avoiding back-

ash, where the boundary norm for the applied wrench is calcu-
ated as 2.29. Figure 8�c� shows that once the applied wrench is
eyond the boundary norm, backlash will be triggered in the ro-
ot.

6.2.2 Workspace-Based Preload Determination. As proposed
n Sec. 4.2, for a desired workspace, an encompassing path needs
o be traced to determine preload requirements, which are ex-
ected to satisfy all points within this workspace. Assume that the
orkspace inside the circle of 10 mm radius is of interest. Differ-

nt circles within this workspace radius from 2 mm to 10 mm are
raced, with an increment of 2 mm. The required preloads from
he springs are listed below in Table 3. All other assumptions
emain the same.

Table 2 Preload values for the torsional springs

Spring 1 Spring 2 Spring 3

reload values �N m� 0.6048 0.8102 0.9913
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ig. 7 Actuation force plots as the robot traces a circular path
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T, and „c…
0 N, 0 N, 3 N m‡

T. The shaded region has the actuator

acklash onset.
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Table 3 shows increased preload requirements as the workspace
radius increases. With the preloads determined by the circular path
of 10 mm radius, the whole workspace is checked for the
backlash-free condition. It is easily verified that the robot has no
backlash from the actuators at all points within the workspace. On
the other hand, the preloads determined by the 2 mm circle are
used to trace the 10 mm circle with applied wrench
�0 N, 0 N, 1.73 N m�T. Figure 9 shows the required actuation
forces, where the minimal values are �2.45 N, �5.26 N, and
1.12 N for actuators 1, 2, and 3, respectively. It is obvious that
actuators 1 and 2 will suffer from backlash onset.

6.3 Stiffness. For this simulation, it is assumed that the robot
is tracing the same circular path of 10 mm radius about the central
point of its workspace. The stiffness matrix KP is diagonal, with
identical components of 2000 N/m for both no-preload and pre-
loaded cases. KS is diagonal with identical components of 5 Nm/
rad. The ratio between stiffness constants KP /KS is therefore equal
to 400. The EE maintains its orientation while tracing the path. In
Fig. 10, scaled-down translational stiffness ellipses are plotted at
each point along the path to show the differences between parallel
robots with and without flexures. The inner ellipses correspond to
stiffness of the robot without preloads while the outer ones are for
the flexure-based robot.

To quantitatively evaluate the stiffness improvement of the ro-
bot by adding preloaded flexures, the performance indices pro-
posed in Sec. 5 are plotted �Fig. 11�. The parallel robot with

Table 3 Required spring preloads for different tracing paths

Spring 1 Spring 2 Spring 3

2 mm circular path �N m� 0.5609 0.5992 0.6366
4 mm circular path �N m� 0.5734 0.6512 0.7254
6 mm circular path �N m� 0.5851 0.7036 0.8140
8 mm circular path �N m� 0.5956 0.7566 0.9026

10 mm circular path �N m� 0.6048 0.8102 0.9913
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Fig. 9 Actuation force plots. The shaded region has the actua-
tor backlash onset.
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Fig. 10 Stiffness comparison between robots with and without

flexures. The ratio of stiffness constants KP /KS is 400.
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exures has better stiffness performances in all aspects, i.e., the
robenius norm of the stiffness matrix �SPI1�, the stiffness ma-
ipulability �SPI2�, the overall stiffness measure �SPI3�, and the
tiffness isotropy �SPI4�.

Experiments
The robot setup in Fig. 1 was constructed, as shown in Fig.

2�a�. A multimedia extension describing this experimental setup
nd experiments of this section is available in �51�. Three Velmex
inear slides were connected to Maxon servo motors, forming lin-
ar actuators. Torsional springs were assembled to the revolute
oints between the moving platform and the legs, with their ends
xed to each side. The actual manufactured dimensions of the
obot are as follows: the leg length is 100 mm, the moving plat-
orm has a side length 100 mm, and the travel of the actuators is
40 mm.

In order to illustrate the backlash prevention algorithm, an ar-
ificial backlash of 4 mm was created in the sliders, connecting the
inear slides and the legs, as shown in Fig. 12�b�. A pivot pin was
ress fit into the carriage of each linear actuator. The pin can
otate and translate in the slot of the corresponding slider. In op-
ration, the torsional springs will load the legs against the advanc-
ng directions of the actuators and therefore close the backlash.

7.1 Calibration. The experimental setup is shown in Fig.
3�a�. The robot was placed horizontally, with an optical tracker
ointing vertically down at the robot. The tracker was from Claron
echnology �H40�, with the calibration accuracy of 0.20 mm root
ean square �RMS� and the moving target accuracy of 0.14 mm
MS. An estimation of the actual tracking error was calculated as
.25 mm RMS in Eq. �43�. The tracker was connected to a laptop
hrough FIREWIRE to read the positions of markers. As shown in
ig. 13�b�, optical markers were classified into three categories.
E markers measured the position and orientation of the moving
latform. Slide direction markers were used to calibrate the direc-
ion of each linear actuator. Slider markers provided the positions
f the pivot pins. An external load was applied to the EE by using
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ig. 11 Stiffness performance improvement plots of the robot
hile preloaded with flexures. Comparisons are along the cir-
ular path in Fig. 10.

(A) (B)

Slider with the
artificial backlash

Pivot pin

ig. 12 Structure of the planar parallel robot: „a… CAD model;
b… exploded view of the robot’s leg to show the artificial

acklash
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a calibration weight and a frictionless pulley. The direction of the
load was defined as the positive x-axis �Fig. 13�b��.

Errortrac = �0.202 + 0.142 = 0.25 mm �43�

7.2 Backlash Prevention. While without spring loads, the
friction and assembly force � within the slider was experimentally
measured to be 1 N due to friction. The torsional springs were
selected according to the simulation results and had a constant of
0.755 N m/rad.

Figure 14 shows the top views of the robot. In Fig. 14�a� the
springs are free. In Fig. 14�b� the springs are preloaded and as-
sembled to the robot legs. To determine the angle �i correspond-
ing to the free configuration of spring i, we digitized the spring
ends in Fig. 14�a�. Similarly, we digitized the spring ends in Fig.
14�b� when the springs were assembled. The results of our mea-
surements are listed in Table 4. Using the spring constants, we
found that the preload torsions were 0.94 N m, 0.97 N m, and
0.96 N m for springs 1, 2, and 3, respectively.

In the following experiments, we tested the robot’s path tracing
ability when assembled with or without preloaded springs.

7.2.1 Backlash Prevention Along a Specific Path. A circular
path of 10 mm radius was specified for this experiment. The as-
sembly position of the robot EE was taken as the starting point
and the circular path centered at �−10 mm, 0, 0�T away from
the starting point. All points are defined in the tracker coordinate
system. It was experimentally tested that the robot was more re-
sistant to external loads in other directions than in the x-axis di-
rection for its local 120 deg division. Therefore, an external force
of 2 N along the x-axis was applied to the EE.

The robot traced the specified path while assembled with pre-
loaded springs and without springs. For each case, five experi-

(A)

Optical tracker

Online position readings

(B)

Pulley for
external load

Slider marker

EE markers

Slide direction
markers

x-axis
direction

Fig. 13 Experimental setups: „a… position tracking system; „b…
optical marker illustration and externally loaded robot setup

(A) (B)

Spring 1

Spring 2

Leg 1

Leg 2

Leg 3

Spring 3

Fig. 14 Top view of spring angles: „a… no load; „b… preloaded

Table 4 Actual angles of springs

� �no load�
�deg�

� �with load�
�deg�

Spring 1 �4.4 67
Spring 2 �4.5 69
Spring 3 �3.3 68.5
Transactions of the ASME
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ents were repeated. In Fig. 15, a comparison of tracing errors is
hown, where the dashed curve represents the theoretical path and
he solid curve represents the actual tracing positions. Figure 16
uantifies the tracing error by plotting the deviation from nominal
alues. The five curves close to the x-axis correspond to tracing
rrors with preloaded springs. The curves with large fluctuations
epict the tracing errors without springs. The maximal position
rror of the EE was about 2 mm when the robot was not as-
embled with springs.

Using spring preload values of 0.94 N m, 0.97 N m, and
.96 N m, we calculated the maximum allowable force to be 2 N,
ased on the algorithm in Sec. 4.1. Figure 17 shows the position
racing errors when the robot was subject to different loads. As
hown in Fig. 17�b�, the lower three curves correspond to 0 N,

N, and 2 N external loads. The upper curves, from bottom to
op, correspond to 4 N, 10 N, and 14 N, respectively. When the
xternal load was below 2 N, the three curves coincide with each
ther within the tracking error region. However, when the external
orce was equal to 4 N or above, backlash was noticeable in the
obot and hence the path tracing error was increased. Note that as
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ig. 15 Plots for tracing the 10 mm circle: „a… tracing plot with
pring preloads; „b… tracing plot without spring preloads. In
oth plots, dashed curves represent the theoretical path and
olid curves represent the actual tracing positions.
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ig. 17 Tracing error plots for different external loads. The
ransparent regions represent the upper bound of the tracker

rrors.
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the load was always along x-axis, only backlash in slider 1 was
triggered; therefore, the portion of curve with large tracing error
corresponds to the backward motion of slider 1.

7.2.2 Backlash Prevention Within a Desired Workspace. In
this experiment, the desired workspace was defined as the area
circumvented by the circular path of 10 mm radius. As shown in
Subsection 6.2.2, the path was scanned and the maximal force that
can be applied to the robot was calculated to be 2 N �Fig. 18�a��.
Likewise, a circular path of 2 mm radius around the circle center
was scanned and the maximum allowable force without backlash
onset was 2.5 N �Fig. 18�b��. A helical curve from the edge to the
center was designed for the robot EE to trace, as shown in Fig. 18.

Figure 19�a� shows the position errors while the robot traced
the helical path with different external loads. The plot can be
divided into three regions as the designed helical curve was ro-
tated three turns �1080 deg� about the center. As the radius of the
tracing path was decreased, the position error also decreased. Fig-
ures 19�b� and 19�c� show that when the external loads were be-
low 3 N, the tracing position error was always within the tracker
error bound. When the load was 6 N, within the center circle of
2 mm radius, there was no backlash in the system �Fig. 19�c��.
However, in the workspace outside of the 2 mm circle, the back-
lash was noticeable �Fig. 19�b��. It means that the load of 6 N
represents a critical value which allows no backlash only in the
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(B) Helical path tracing with
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Fig. 18 Helical path plots. The shaded transparent regions
show backlash-free target workspace for the corresponding ex-
ternal load.
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nner portion of the workspace. When the external load was 12 N
r above, it is clear that throughout the three regions, backlash is
bservable. Note that the critical load of 6 N is greater than the
heoretical value calculated earlier based on the algorithm, which
as 2.5 N. This is because the proposed algorithm has some mar-
in while determining the preload requirements, as was verified in
he simulation in Sec. 6.2.

Conclusion
This paper presented the design of planar parallel robots pre-

oaded with torsional springs �flexure joints�. For a proposed case-
tudy robot, statics, singularity, backlash prevention, and stiffness
odeling were investigated. An algorithm was put forward to de-

ermine the preload conditions while the robot traced a specific
ath and moved within a desired workspace subject to a norm-
ounded wrench, and this algorithm was experimentally validated.
or the stiffness analysis, an explicit expression of the robot’s
tiffness matrix was derived. Moreover, stiffness performance in-
ices were proposed by using the vertex linear velocities to re-
lace the general EE twist, in order to generate more homoge-
eous stiffness matrix in terms of physical units. The robot’s
tiffness features were examined in simulation. The results pre-
ented in this paper can be used for robot design in order to
etermine the connection geometry of the flexure joints to the
oving platform. Also, using this method, it is possible to con-

truct inexpensive backlash-free parallel robots using regular
oints preloaded with springs.
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